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Mixed beta regression model

Mixed beta regression model

Beta regression models are a class of models used frequently to model
response variables in the interval (0,1). Although they are used to model
clustered and longitudinal data, the prediction of random effects is limited,
and residual analysis has not been implemented. An random intercept beta
regression model is proposed for the complete analysis of this type of data
structure. We proposed some type of residuals and formulate a
methodology to obtain the best prediction of random effects.

Viviana Giampaoli Extensdes de Modelos Mistos December, 2017 4 /47



Application |: Ophthalmology

We analyse the data from a prospective study in ophthalmology reported
by [Meyers et al (1992)],in which intraocular gas (C3Fg) was used in
complex retinal surgeries to provide an internal tamponade for retinal
breaks in the eye. The concentration levels of C3Fg used were 25%, 20%,
and 15%.

The patients were followed up 3 to 15 times over a 3-month period. Let
yij be the observed proportion of remaining gas volume relative to the
initial volume of gas injected in the eye undergoing surgery for patient / at
time j on follow-up day t;.
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Application Il: Newborn weight data

The mixed beta model with logit function was fitted in Zerbeto(2014) to
analyse a real database in which the dependent variable is the weight of
newborn and, among the explanatory variables there are the amount of
weight gain (taxapeso) during pregnancy, abortion (aborto), sex of the
baby (sexorn) and gestational age (igrn); the clusters of this model were
defined according to urinary tract infection status.
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Mixed beta regression model

Application Ill: Periodontal treatment

The analyzed database is composed of clinical examination data from 40
patients who were treated with periodontal treatment and the information
was collected at four different times: before the start of treatment, 3,6 and
12 months after treatment. The nature of the response variable
anti-oxLDL is to assume positive values restricted by an upper limit that
can be approximated by the maximum value observed in the sample.
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Beta distribution
Beta distribution

Suppose y is a response variable that follows a beta distribution.
[Ferrari and Cribari Neto (2004)] proposed a parameterisation of its density
that is indexed by the mean, u, and also by the precision parameter, ¢,

e @)
"V = (- 1)9)

where 0 <y <1,0< <1, and ¢ > 0. The mean and variance of y are,
respectively, given by E(y) = p and Var(y) = u(1 — p)/(1 + ¢).

yrOTHL = y)mmeL, (1)
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Mixed beta regression model Beta distribution

Alternatively, the beta distribution can be parameterised in terms of the
mean, u, and the dispersion parameter, o,

(1 —0?)/0?) y
M(u((1=02) /) ((1 = (1 = 2)/0?))
x (1 — y)(l—u)((l—az)/UZ)—17

(1-0?)/0?)-1

flyim,o) =

(2)

with0 <y <1, 0<p <1, and 0 <o < 1. In this parameterisation, the
mean of y is E(y) = u, and the variance of y is Var(y) = o?u(1 — ).
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Mixed beta regression model Random intercept model

Random intercept model

Olga Cecilia Usuga Manco-Grupo de Investigacion INCAS
Departamento de Ingenieria Industrial-Facultad de Ingenieria-Universidad
de Antioquia

Let yj; be the response value for cluster i at time tj;, i =1,2,..., N,
j=1,2,....n; and lety; = (yi1,¥i2,---,Yin;)* be the n; observations
within cluster j. In the beta random intercept model, it is assumed that
the conditional distribution of y;; given v; = (i1, 7i2)T follows a
distribution beta with a density determined by Equation (2). Given ~;, the
repeated observations, yi1, Y2, ..., Yin;,, are independent, and the ;1 e vio
are independent and identically distributed normal random variables.
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Mixed beta regression model Random intercept model

We will assume the following model

yi | it iz ™ Be(uy, o),
7 A N0, AD), 3)
vi2 % N0, A3),
where A1 and \; are the standard deviation of random effects.

g1(pi) = Mg = X1 By + it
g2(0y) = nij2 = ngﬁz + Vi2,

where Xjji1 = (Xijlla Xij21y « - - ,X,'jpll)T and Xjj2 = (X,j12, Xij22y « - - ,X,'jp22)T
contain values of explanatory variables, 8; = (f11, 521, - - - ,ﬂpll)T and
Bs = (812,822, - - -, Bpy2) T are the fixed parameter vectors, and ~; is the
random intercept vector. The link functions g; : (0,1) — ® and

g2 :(0,1) — R are strictly monotonic and twice differentiable.
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ealiabes
Residual analysis

We define three types of residuals that accomodate the extra source of
variability in the proposed model: randomised quantile residuals (see
[Dunn and Smyth(1996)]), standardised conditional residuals, standardised
marginal residuals.
To assess the overall adequacy of this random intercept beta regression
model for the data, we proposed the randomised quantile residual, which is
given by

raij = 7 (Fyys > 65)) » (5)

where ®(-) denotes the cumulative distribution function of the standard
normal and F(yj; fj7, j7) denotes the cumulative distribution function of
Be(fij, 67j)-
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Mixed beta regression model Residual analysis

The standardised conditional residual is defined as

oy = 1L (v | %1,%2)7 ®)
\/Val" (vij | i1, vi2)
where E (yjj | vi1,7i2) = fijj and Var (y; | vi1, vi2) = 3,-21/1,'1(1 — Qi) with
fuj = gfl(XyTiﬂl +4i1) and 6 = ggl(xgzﬁ2 + 4i2); B1 and 3, denoting
the maximum likelihood estimators of 8; and B5; and 41 and %j»2

denoting the BP of 71 and iz, respectively.

Presence of outlying observations r.;; vs observations.
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Mixed beta regression model Residual analysis

The standardised marginal residual is given by

yi — E(vy)

Mmijj = ’

Var (yj)

Linearity of effects r;; vs explanatory variables
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enlepllloni e ey
Application |: Ophthalmology

We consider a random intercept beta regression model with the following
specification:

logit (1) = B + Balog(ty) + Ba1log” (ty) + Barxj + i,

logit (o) = B2 + Baalog(ty) + Baalog?(ty) + Bazxij + iz,
with i =1,...,29 and ;1 ~ N(0, A1) and 7io ~ N(0, A2), where t;; is the
time covariate of the days after surgery and Xx;; is the covariate of the

standardised gas concentration level taking values 1(25%), 0(20%), or
—1(15%).
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Mixed beta regression model Application I: Ophthalmology

The selected random intercept beta regression model was fit to these data,

with the following results:

logit (i) = P11 + Balog?(t;) + Barxij + i,
logit (05) = P12 + Vio-

Parameter | Estimate  s.e. p-value

I B11 1.673 0.120 2.00e-16

31 -0.262  0.015 2.00e-16

Ba 0.314 0.080 9.31e-05

o P12 -1.166  0.119 2.00e-16
7 A1 1.109 0.093
o A2 0.322 0.156
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Mixed beta regression model Application I: Ophthalmology

The Figure shows the half-normal probability plot with a simulated
envelope for randomised quantiles, standardised conditional and
standardised marginal residuals.

Ordered absolute value of randomized quantil residual
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Empirical Best Prediction (EGP)
Empirical Best Prediction (EBP)

Ana Paula Zerbeto-IME-USP

Empirical Bayes predictors ¢ = E(s|y). That minimizes the mean-squared
error of prediction (MSEP) E(¢" — §)2 for predictor ¢’ of ¢ over the joint
distribution of (¢) and the responses. It can be calculated as follows

_ E(s(B, ) - exp(¢715i(8, ) (9)
E(exp(¢~1Si(B, i) 7

with Si(8.5) = 3 [ysh(xi8 + o) = (xj8 + )]

a; = o€ with £ ~ N(0,1).

[Jiang and Lahiri (2001)]

It proposed an extension for the prediction of random effects for
individuals who did not belong to the fit data base.

S
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(VNS REENEEECE NI I Empirical Best Prediction (EBP)

The mixed beta regression models are used to analyse data with
hierarquical structure and that take values in a restricted and known
interval like rates, proportions, fractions and others. A specific case of this
model is the beta regression models with random intercept exposed in
[Usunga (2013)] and they can be written as:

g(ni) = mj =% B + ai, (10)
, in wich:
@ i=1,...,q is the index of cluster;
@ j=I,...,n; is the index of unit in each cluster;
@ y;i is the jth unit of ith cluster;

@ vi = (¥i1, .-, Yin;)' is a vector with the n; observations of ith cluster;

Viviana Giampaoli Extensdes de Modelos Mistos December, 2017 19 / 47



(VNS REENEEECE NI I Empirical Best Prediction (EBP)

® a1, ...,aq are random variables i.i.d. N(0,42);

e xij = (1, X1, ..., xjjpr ) is a vector of covariates, which are assumed
fixed and known;

e 8= (Bo,p1,...,Bp) is a vector of unknown regression coefficients;
@ «; is the random intercept of ith cluster;

e g(.) is a strictly monotonic and twice differentiable link function.

Link function g(u)
Logit log (ﬁ)
Complementary log-log | log(—log(1 — 1))
Cauchy tan(m(p — 0.5))
Probit S 1(p)
Log-log —log(—log (1))

Table : Usual link functions for the model (10).
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(VNS REENEEECE NI I Empirical Best Prediction (EBP)

The main goals of this work are: to analyse if there are difference in the
performance of the empirical best predictor for beta regression models
with random intercept for the link functions logit, complementary log-log
and Cauchy and; to study the suitability of this link functions in the fit
and in the prediction of the model in study for a database in which the
dependent variable is the weight of newborn.

Note that the simulation studies for the probit link function was not done,
that is due to the logit and probit functions being near linearly related in
the interval [0.1, 0.9] and that is why it is not trivial to discriminate
between the goodness of fit of this two functions

([McCullagh and Nelder (1989)]).
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(VNS REENEEECE NI I Empirical Best Prediction (EBP)

At the simulation studies, the data were generated according beta model

considering different link functions g(.), one covariate, true values of

parameters 5o = 0.5, 51 =1, ¢ =3 and n; =5 forall i =1,2,...q. From
this database it was randomly selected one proportion (p) of the clusters

to compose the fit database (FDB), and it was used to calculate the

estimates of parameters of model; the remaining of clusters were named

prediction database (PDB) and, it allows to evaluate the performance of
EBP for data that did not were used to estimate the parameters of model.
The values of g, p and « vary according to the scenario.

Simulation scenario | g p v
1 1007 1
2 10 0.7 |15
3 20107 | 1
4 1009 1

Table : Scenarios of simulation studies.
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(VNS REENEEECE NI I Empirical Best Prediction (EBP)

The topics analysed were: quality of estimation of 5g, 81, and ¢ = 3 using
Square Root of the Mean Square Error (SRMSE) and Relative Bias (RB)
of estimates

nj - 2
IIED DD By (Cijk - Cijk)
N Z?:l nj

o= g 3033 (2]

Yilanm s 1j=1

MSE =

performance of EBP of 1j; using SRMSE and RB of predicted values.
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(VNS REENEEECE NI I Empirical Best Prediction (EBP)

SRMSE(5p) SRMSE(31) SRMSE(¢)
Scenario logit c-log-log Cauchy logit c-log-log Cauchy logit c-log-log Cauchy
1 0.7251 0.4076 1.0866 0.9877 0.6402 1.9993 4.4152 4.0731 4.6635
2 0.8156 0.5027 1.1914 0.9310 0.7111 1.8262 4.5022 4.3350 4.7429
3 0.5358 0.3208 0.8579 0.7876 0.6204 2.2263 4.4868 4.1830 4.7978
4 0.6598 0.3755 1.0185 0.9485 0.6349 2.0994 4.4779 4.2322 4.1727
Table : SRMSE
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(VNS REENEEECE NI I Empirical Best Prediction (EBP)

Logit C-log-log Cauchy
Scenario | FDB PDB FDB PDB FDB PDB
1 0.1979 0.2190 | 0.2138 0.2460 | 0.2072 0.2319
2 0.2568 0.2834 | 0.2788 0.3176 | 0.2546 0.2866
3 0.1983 0.2078 | 0.2173 0.2271 | 0.2103 0.2216
4 0.1987 0.2137 | 0.2154 0.2382 | 0.2093 0.2297

Table : SRMSE of EBP of uj;; for FDB and PDB.

Logit C-log-log Cauchy
Scenario | FDB PDB FDB PDB FDB PDB
1 0.0512 0.0640 | 0.0205 0.0462 | 0.0615 0.0523
2 0.2794 0.3429 | 0.2686 0.4058 | 0.2071 0.2257
3 0.0542 0.0483 | 0.0348 0.0241 | 0.0674 0.0564
4 0.0525 0.0558 | 0.0270 0.0356 | 0.0627 0.0505

Viviana Giampaoli

Table : RB of EBP of p;; for FDB and PDB.
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(VNS REENEEECE NI I Empirical Best Prediction (EBP)

In majority of the scenarios the logit was the link function with the lower
SRMSE.

The results shown that, in general, there are no significant differences in
the behavior of EBP for the link functions considered.

Comparing the behavior of EBP in the fit and prediction databases, it is
possible to see that logit is also the link function with better results in the
sense of to have the lower percentage increase at SRMSE of PDB
compared to that observed in FDB.
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el el
Application Il: Newborn weight data

Z,'jI

g(wij) = Bo + Brigrnjj + Baabortojj + Basexorn;j + [ataxapesoj + aj, (12)

with:
e j Baby/Pregnant;

@ / urinary tract infection status.
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Mixed beta regression model Application |l: Newborn weight data

Parameter Associated variable Estimate SE t value p-value
Bo - -11.4495 1.411 -8.114 < 0.001
B1 igrn 0.2952 0.036 8.285 < 0.001
B3 sexorn 0.0948 0.071 1.336 0.185
¥ - 0.0779

Table : Estimates of parameters, standard errors, t values and p-values of final
model using complementary log-log link function.

Parameter Associated variable Estimate SE t value p-value
Bo - -18.092 2.478 -7.301 < 0.001
B1 igrn 0.477 0.062 7.709 < 0.001
B2 aborto -0.215 0.137 -1.577 0.187
B3 sexorn 0.142 0.133 1.070 0.288
Ba taxapeso 0.603 0.339 1.730 0.087
~ - 0.115

Table : Estimates of parameters, standard errors, t values and p-values of final
model using logit link function.
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Mixed beta regression model Application |l: Newborn weight data

Parameter | Associated variable | Estimate | SE | t value | p-value
Bo - -17.053 | 2.969 | -5.743 | < 0.001
51 igrn 0.450 0.075 | 6.015 | < 0.001
B2 aborto -0.281 | 0.158 | -1.778 0.079
53 sexorn 0.075 0.152 | 0.492 0.624
Ba taxapeso 0.633 0.395 | 1.604 0.112
0 - 0.022

Table : Estimates of parameters, standard errors, t values and p-values of final
model using Cauchy link function.

The values of AIC of final fitted models for the link functions logit,
complementary log-log and Cauchy were, respectively, equal to -125.3,
-133.6 and -113.6 indicating that the complementary log-log appeears to
be the most appropriate.
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Mixed beta regression model Application Ill: Periodontal treatment

Application Ill: Periodontal treatment

The analyzed database is composed of clinical examination data from 40
patients who were treated with periodontal treatment.

anti-oxLDL : units of oxidized anti-LDL antibodies;
sex: sex of the patient;

age : age (in years);

race : race declared by the patient;

BMI : body mass index (BMI);

HDL : HDL concentration (mg/dL);

LDL : LDL concentration (mg/dL);

PCR : c-reactive protein concentration (em mg/mL);

0000000 O0CO

PB>4mm : percentage of periodontal pockets with depth greater
than 4mm.
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Mixed beta regression model Application Ill: Periodontal treatment

In this case we chose to split the data, randomly, into two bases: the fit
database and the prediction database. The first one consists of 70% of the
patients and the second one for the remaining 30% of the 40 patients.
The final model is presented in equation (13).

1 — pj
(13)
where:

@ / denotes the patient;

@ j=0 indicates that the measurements occurred before the beginning
of treatment;

@ j=3 indicates that the measurements occurred 3 months after the
treatment;

@ j=6 indicates that the measurements occurred 6 months after the
treatment;

@ j=12 indicates that the measurements occurred 12 months after the
treatment.
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Mixed beta regression model Application Ill: Periodontal treatment

@ y;ji is the number of antibodies against oxidized LDL of the ith patient
in the jth month post-treatment;

@ mzj; is the indicator variable that assumes value 1 if j = 3 and
assumes value 0 otherwise, and in the same way, the variables mg;; e
mu2jj,

@ «; is the random intercept of ith pacient;

® ai, ao,...,a49 are independently and identically distributed N(0,2);

@ Yjj|a; are conditionally independent and are distributed as
Beta(pijj, ¢) and;

Bo, B1, B2, B3, Ba, Ps, 04 € ¢ are parameters of the model.
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Mixed beta regression model Application Ill: Periodontal treatment

The Table presents the information related to the parameters of the model.

Table : Estimates of the parameters, errors, t-values e p-values of fitted model for
response variable anti-oxLDL of periodontitis database

Parameter Variable Estimate Error t-value p-value
Bo - -1.989 0.407 -4.885 < 0.001
51 ms -0.129  0.160 -0.806  0.423
B2 me -0.359 0.162 -2.219  0.029
53 mio -0.873 0.168 -5.184 < 0.001
Ba HDL 0.014 0.008 1.797 0.076
Bs LDL 0.008  0.002 4.098 < 0.001
O - 0.536
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Mixed beta regression model Application Ill: Periodontal treatment
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Figure : Observed values (e) and EBP (OJ) of anti-oxLDL for the patients of
PDB of periodontitis database
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Mixed beta regression model Application Ill: Periodontal treatment
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Figure : Observed values (o) and EBP (0J) of anti-oxLDL for the patients of
FDB of periodontitis database
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Application IV: Lung cancer

The data presents the survival time (y) in days for 167 patients who were
diagnosed with advanced lung cancer from the North Central Cancer
Treatment Group, these patients are clustered within 17 medical
institutions ([Loprinzi et al. (1994]). The minimum and the maximum of
the response variable are 5 and 1022 days respectively and contains
28.14% of censored observations. The predictors considered were: age in
years (x1), sex (x2, 0 for female and 1 for male), ECOG performance score
(x3), Karnofsky performance score rated by physician (xs, 0 for bad and
100 for good), Karnofsky performance score rated by patient (xs), calories
consumed at meals (xs) and weight loss in last six months (x7).
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Weibull regression mixed model

Freddy Hernandez Barajas-Escuela de Estadistica Facultad de Ciencias
Universidad Nacional de Colombia sede Medellin
For WEI3 parameterization ([Hernandez(2013)])

o o—1 o
fy(y!u,a)zﬁ(i) eXp[—(g}, p>0, o>0,
E(Y)=w,

Var(Y) = u? [r (i - 1) M2 ((1; - 1) - 1] ,

F(y)=1—exp {— <y> ] ,  cumulative distribution function
K

S(y) =exp {— (i)a} , survival

o—1
h(y) = 7 (i) , hazard function
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Weibull regression mixed model

Where k = /I (1/0 + 1) and I'(-) is the Gamma function. In this
parameterization the p parameter matches with the mean value E(Y).

Figure : Hierarchical structure for the model with two levels.
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Weibull regression mixed model

The model structure is as follows:

yij | uii, i, 8jj ind WEI3(pij, o),
log(1j) = X{; ;. B + w1,
log(c) = X3;. B + u2i, (14)
ur; % N0, 72),

wi BN, 72), i=1,2,...,N, j=1,2,....n

The indicator ;; = 0 if y;; is censored and d;; = 1 otherwise.
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Weibull regression mixed model

For the ith cluster, in vectorial form, the vector parameters u; and o;
have the following structure:

|0g(0',') = Xy ,32 + ]-n,-u2i7

where
i = (,Uuila Hi2y - nuini)T
log(pe;) = (log(pi1), log(i2), - - -, log(pin)) T,

O',‘ = (O-I-]J Ui27 e 7Uini)T7

log(o;) = (log(ci1), log(oi2), - - ., Iog(a,-,,,.))T,

9

with 1, as 1’s vector of order n; x 1.
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Weibull regression mixed model Application IlI: Lung cancer

We initially considered the following regression model for the parameters p
and o:

ind
yi | uiis i, 05 ' WEI3(pij, o),
log(peij) = Bro + Prix1 + Praxe + P13xs + Praxa + Pisxs + PiexXe + Prrxz + uii,

log(jj) = P20 + Borx1 + Paoxe + B23x3 + [aaxa + Basxs + PasXe + Parxy + Uz,

with i =1,2,...,17, j=1,2,...,n;, u1; ~ N(0,7) and up; ~ N(0,73).

ind
Yij | uij, U2,',(5,_']' ~ WE/3(,UJ,J,O',J),
log(2i7) = Bro + Prsxs + uij, (15)

log(ojj) = Bao + Parx1 + uo;.
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Weibull regression mixed model Application IlI: Lung cancer

The proposed model finds jointly the fixed effects and the variance
components whereas GAMLSS estimates fixed effects conditional on the
estimated covariance components. From this table we can see that the
estimated parameters from proposed model and GAMLSS are close and
that the standard erros slightly smaller for GAMLSS.

Table : Parameter estimates and standard errors (in parentheses) for the lung
data using the proposed model and GAMLSS.

Parameter Proposed model GAMLSS
B0 4.783(0.358)  4.755(0.273)
B1s 0.014(0.004)  0.015(0.003)
B0 1.723(0.539)  1.669(0.403)
B21 -0.021(0.008) -0.020(0.006)
1 0.254(0.050) 0.111(n.a.)
T 0.279(0.078) 0.198(n.a.)

1(0) -834.580 -822.764
n.a. means not available
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Conclusions

@ In the beta model there were differences between the fitted models for
each of the three link functions considered, but the predictions
calculated by EBP were very similar.

o Multilevel Weibull Model can be used to analyze datasets in which
the response variable is related to durations time with or without
right censored observations.

o Flexibility.

@ Require large computational development.
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Future works

@ Determination of the most appropriate residuals to identify additional
explanatory variables that contribute significantly to the model.

@ Confidence intervals for predicted values.

@ Influence analysis.
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