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Abstract 7 

The Bayesian approach is an important statistical framework to minimize the lack of knowledge 8 

about fish populations. Thus, models and reparametrizations, which favor the Bayesian approach, 9 

were proposed to estimate parameters that allow the test of ecological hypotheses. A population 10 

of Astyanax paranae was used as case study due to its life history characteristics that facilitated 11 

to obtain representative population samples. Two models were proposed: one for the weight-12 

length relationship, which allows to evaluate if the growth pattern is polyphasic, and another one 13 

capable of estimating somatic growth parameters, based on only one length sample. The sex ratio 14 

was estimated at 1.4 females:male, without evidence of alteration according to their length or 15 

weight. The first sexual maturation standard length of females was estimated at 38.12 mm and 16 

37.75 mm, using non-informative and informative prior distributions, respectively. The weight-17 

length relationship was inferred to occur in two stanzas, with the greatest increase in weight for 18 

females only in the first. In the second stanza both sexes present greater increase in weight than 19 

in the first one, but in an indistinct way between them. Regarding to somatic growth, males and 20 

females have the same age composition, predominated by young specimens, and growth patterns 21 

are equivalent between them. The proposals of a biphasic model for weight-length relationship 22 

under the Bayesian approach to the somatic growth model demonstrated great potential and 23 

applicability for the population studied. These analyzes allowed the identification of complex 24 

biological patterns, which may be frequent in nature but difficult to identify.  25 

Keywords: Fishery, population dynamics, stock assessment, upper Paraná River, von 26 

Bertalanffy. 27 
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1. Introduction 29 

The fishes are the group of organisms with the greatest diversification of forms among vertebrates 30 

(Vazzoler, 1996), with approximately 34 thousand species (Eschemeyer & Fong, 2017). The high 31 

species richness is also reflected in the morphological and biological diversity of this group 32 

(Langeani et al., 2007). The knowledge of quantitative aspects of fish species is an important tool 33 

for the study of fisheries biology, necessary for the management and preservation of aquatic 34 

ecosystems. In general, without the basic data obtained from population studies, the landscape, 35 

ecosystem and conservation studies would either be infeasible or unrealistic (Rockwood, 2006). 36 

Thus, population ecology, which seeks to understand aspects related to the growth, reproduction 37 

and survival of groups of individuals (Rockwood, 2006) plays an important role in the protection 38 

and management of populations. Therefore, the focus of any study in the population ecology area 39 

may be motivated by very practical considerations, such as fishery management or wildlife 40 

management and conservation (Akçakaya et al., 1999). However, in spite of the practical 41 

relevance of these studies, the amount of available knowledge on biological and population 42 

aspects is still incipient for many populations, species, and even entire families of fish, especially 43 

in the neotropical region. 44 

The limited knowledge available on the population parameters of many species is further 45 

aggravated by two critical factors: i)  the demand for researchers to publish in high-impact 46 

journals, making it difficult to publish many population studies (descriptive, basic science); that 47 

is, there is a large volume of data on several populations that are not published in the scientific 48 

literature; and ii)  the complexity of biological systems (Hilborn et al., 2003), such as high spatial, 49 

temporal and morphotypic variability in biological parameters. These parameters may differ 50 

within the same species from distinct populations, and even within the same population, e.g. in 51 

time, habitat types or morphotypes. Therefore, knowledge of the biological aspects of each 52 

population is necessary for an effective management and conservation of these resources. 53 

Fortunately, there is a growing effort in the organization and availability of information/data (Big 54 

Data) in the most diverse areas, especially in fisheries Science (McManamay & Utz, 2014).  55 

In this sense, the execution of population studies using the Bayesian approach (Ellison, 1996, 56 

Ellison, 2004, Hobbs & Hilborn, 2006) is a promising option, for at least two main reasons: i) to 57 

enable the inclusion of several relevant information by means of a priori distributions, whether 58 

they come from previous systematic studies of distinct populations of the same species, or from 59 

taxonomically related species; (q.v. McManamay & Utz, 2014), or even informal information 60 

such as the opinions of experts, such as researchers and fishermen; and ii) enable to make 61 

inferences based on the a posteriori distributions, which allow more intuitive probabilistic 62 

statements about the parameters. 63 

Thus, the main goal of this study was to analyze, by the Bayesian statistical approach, the 64 

population structure of Astyanax paranae of the Upper Paraná River. This species has 65 

characteristics that make it an important tool for variations in life history studies, such as small 66 

size, opportunistic habits, fast life cycle, reduced locomotion potential and no spatial 67 

stratification, which makes it easy to obtain representative samples of the population. Besides 68 

that, the species has a wide distribution (Súarez et al., 2017) with high potential for differentiation 69 

among populations due to their isolation; which causes not only genetic, but also ecological 70 

characteristics differentiated among them.  71 

Thereunto, the basic population parameters were estimated: sex ratio, first maturation size of 72 

females (L50), weight-length relationship and somatic growth. Growth pattern analyzes were also 73 

performed to test the ecological hyphotheses about sexual dimorphism, isometry and growth 74 

stanzas. For this, two alternative models were proposed: one for the weight-length relationship 75 

which allows to evaluate if the growth pattern of this population occurs in a different way in two 76 
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stanzas, and another one capable of estimating somatic growth parameters, based only on one 77 

length sample. 78 

2. Metodology 79 

2.1. Study Area  80 

The Paraná River is the main water body of the Prata basin, which is the second largest river basin 81 

in South America. In the upper Paraná River basin, there is the Guiraí River basin (22° 45'S, 54° 82 

30'W and 22°15'S, 53° 30'W), occupying an area of about 2248 km2. The headwaters of the Guiraí 83 

River is located in an area of 370m altitude and the river runs approximately 100 km until it flows 84 

into the Ivinhema River, at 238m altitude, where, in its lower portion, it forms the boundary of 85 

the Parque Estadual das Várzeas do rio Ivinhema. 86 

2.2. Data sampling 87 

Samplings were carried out bimonthly, from October/2006 to August/2007, in seven streams of 88 

the Guiraí river subbasin. The samples occurred during the day, without distinction of period, 89 

with a rectangular sieve measuring 0.8 x 1.2 m with 2 mm of mesh opening. A standardized effort 90 

of 20 "beats" was applied at each point in a stretch of approximately 50 m in length. Permission 91 

to fish was granted by IBAMA (# 13458-1). 92 

The fishes were fixed in 10% formalin and preserved in 70% ethyl alcohol solution. All the 93 

individuals collected were measured (standard length), weighed and sexed, and the females had 94 

their gonads removed for weighing and determination of gonadal maturation stages. These stages 95 

were determined macroscopically, according to Vazzoler (1996), in one of the categories: 96 

immature gonads (young with filiform, translucent and very small ovaries); maturing or resting 97 

gonads (adults with ovaries having opaque, small or medium oocytes); mature gonads (ovaries 98 

occupying almost completely the celoma cavity, having large, opaque or translucent oocytes) and 99 

exhausted gonads (post-reproduction individuals with flaccid ovaries, with distension of the 100 

membranes and hemorrhagic aspects). For many immature individuals, sex could not be 101 

determined because of the tiny size of the gonads. 102 

2.3. Data analysis 103 

All analyzes were performed in software R (R Core Team, 2017) with the aid of the 'R2jags' 104 

package (Su & Yajima, 2015) to obtain the posteriors distributions, via Markov chains Monte 105 

Carlo (MCMC) method and 'coda' package (Plummer et al., 2006) for the chains convergence 106 

diagnostic tests (Heidelberger & Welch, 1983). In each subsection, the models were selected 107 

based on the deviance information criterion (DIC) (Spiegelhalter et al., 2002). Also, the chain 108 

convergence inspection was complemented by graphical methods, such as the traceplot. The 109 

analyzes were performed only with data from fishes that had the sexual determination possible. 110 

2.3.1. Sex ratio 111 

The sex ratio was modeled by a logistic regression model, with a dichotomous response variable 112 

(1: females, 0: males), assumed to have a Bernoulli probability distribution and logit link function, 113 

equivalently to that detailed in the next section.  114 

Four other models have been fitted with different predictive variables. Two of them had simple 115 

linear effect associated with the standard length and total weight predictive variables, 116 

respectively. The two others had the addition of the quadratic effect of these same predictive 117 

variables. 118 

Thus, if the sex ratio changed according to these variables, it would be an indication that one of 119 

the sexes reaches higher sizes or weights than the other. For all the parameters were allocated 120 

flats prior distributions, normal distribution with zero mean and high variance (10³). The 121 
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posteriors distributions were generated from the MCMC process, with 6e6 iterations, with discard 122 

of the first half of the chain and records in a range of 1000 amplitude. Therefore, the final sample 123 

contained 3000 values. 124 

2.3.2. First sexual maturation size (L50) 125 

The standard length of the first sexual maturation (L50), defined as the length at which 50% of 126 

females are sexually mature, was also estimated by logistic regression. Thereunto, it was 127 

considered a dichotomous response variable m, which receives values "1" for mature females (or 128 

females that have already undergone some reproductive event) and "0" for those who have not 129 

reached sexual maturity yet. This variable was assumed to follow a Bernoulli distribution, as 130 

follows. 131 

Eq. 1     𝑚𝑖~𝐵𝑒𝑟𝑛𝑜𝑢𝑙𝑙𝑖(𝜋𝑖) 132 

𝑚𝑖 = dichotomous variable indicating (1) for mature females and (0) otherwise; 133 

𝜋𝑖 = probability that the i-th female is mature. 134 

Previously assuming that the logit of π is linearly related to the standard length (L), we have: 135 

Eq. 2     log (
𝜋𝑖

1−𝜋𝑖
) = 𝛽0 + 𝛽1𝐿𝑖 136 

𝛽0 = intercept of the model, which represents the logit of the probability of a female with standard 137 

length equal to zero. Biologically, this parameter is not of interest; 138 

𝛽1 = mean increase in the logit of 𝜋𝑖 for each unit of standard length added to the length. The 139 

exponential of this coefficient is interpreted as the odds ratio (OR); 140 

𝐿𝑖 = standard length of the i-th female. 141 

The amount of interest, the first maturation size (L50), is a ratio between these two parameters 𝛽0 142 

and 𝛽1. By replacing 𝜋𝑖 by 0.5 and isolating  𝐿𝑖, we have the length at which 50% of the females 143 

are expected to be mature. Thus, the L50 can be estimated from the following relation: 144 

Eq. 3         𝐿50 = - 
𝛽0

𝛽1
 145 

However, by the Bayesian approach it is necessary to specify the prior distributions for the 146 

parameters directly estimated by the model, 𝛽0 and 𝛽1. These parameters represent somewhat 147 

abstract quantities, making it difficult to specify informative prior distributions for these 148 

parameters, if it is of interest. Although  𝛽0 is not biologically relevant, it is possible to think of 149 

slightly informative priors for this parameter. Since it representes the logit of the probability of a 150 

female of standard length equal to zero being mature, it is reasonable to infer, a priori, that this 151 

probability must be very close to zero, and consequently its logit a negative number. 152 

For the parameter 𝛽1 it is difficult to make a priori inference that allows the specification of an 153 

informative prior distribution. The amount of interest, the L50, is intuitive and feasible to make a 154 

priori inferences, even empirically, such as consultation with fishermen or other experts. Thus, a 155 

way that allows to estimate this amount, and yet, consider a priori inferences about this amount 156 

seems more attractive. This can be reached by reparametrization of this model, leaving it in 157 

function of 𝛽0 and L50. Thus, by reversing the positions of 𝛽1 and L50 in eq. 3 and substituting 𝛽1in 158 

the linear predictor, we have the following model: 159 

Eq. 4   log (
𝜋𝑖

1−𝜋𝑖
) = 𝛽0 − (

𝛽0

𝐿50
) 𝐿𝑖 = 𝛽0(1 − 𝐿50

−1)𝐿𝑖 160 
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Based on these two parametrizations, three models were fitted. The firts considered the first 161 

parametrization and was specified with flats prior distributions for 𝛽0 and 𝛽1, a normal 162 

distribution with mean zero and variance 10³. The second and the third models considered the 163 

second parametrization and were specified with slightly informative and informative prior 164 

distributions, respectively. In these latter two models a normal distribution with high variance 165 

(10³) was specified for 𝛽0, just as in the first model, nevertheless, restricting the parametric space 166 

to the interval between -1000 and 0, by an indicator function. The L50 parameter was specified 167 

with prior normal distributions, with mean 37.5 mm and variances of 5² and 1,25² for the second 168 

and third models, respectively. The mean value of L50 a priori has been established based on data 169 

from www.fishbase.org, in which the estimatives for females of A. paranae are between 35-40 170 

mm and a center value of 37.5 mm. 171 

The posteriors distributions of the estimated parameters were generated from the MCMC process, 172 

with 2e6 iterations, discarding the first half of the chain, and recording in a range of 500 amplitude, 173 

culminating in a final sample of size 2000. 174 

2.3.3. Weight-length relationship 175 

The weight-length relationship is given by a power equation, described by Huxley (1924): 176 

Eq. 5       W = αLβ, 177 

where W is the total weight of the individual and L is the standard length, α e β are model 178 

parameters. The parameter α representes the mean weight for individuals with an unity of standard 179 

length, often interpreted as the body shape – more fusiform fishes will have lower α values than 180 

more spherical shapes fishes (Froese, 2006). If a fish grows without changing its shape or density, 181 

it is considered that this organism presents isometric growth, that is, the fish volume is 182 

proportional to its length. If it happens, and the fish maintains constant density during growth, its 183 

weight will be an indicator of its volume and it will present the isometric growth when the 184 

allometric coefficient (β) is equal to 3. If β > 3, then the fish will be more "fat", that is, more 185 

weight per unit of length will be added (Blackwell et al., 2000). 186 

However, fish growth patterns (ratio between weight and length increments), commonly assessed 187 

by weight-length relationship, can be complex with different patterns at different life stanzas 188 

(Bervian et al., 2006). Thus, it is not trivial to test the hypothesis of i) tendency of sexual 189 

dimorphism in the growth pattern, ii) isometric growth pattern and iii) polyphasic growth pattern, 190 

since these can not be tested independently. For example, it would be possible to establish at least 191 

eight concurrent hypotheses, only involving the abovementioned initial hypotheses (Table 1). The 192 

growth pattern can be polyphasic, and in one stanza the pattern is isometric and equivalent in both 193 

sexes, while in the other stanza there may be distinctions between the sexes, as well as the 194 

allometric growth pattern (for one or both sexes). Given this complexity, a competing model 195 

selection approach was used, which translated competing biological hypotheses (Table 1), in 196 

search of the most parsimonious model/hypothesis. 197 

Table 1 198 

Traditionally, the method used to model the polyphasic weight-length relationship is based on the 199 

idea of Bervian et al. (2006), which consists on a modification in Huxley's proposal (1924)  in 200 

order to incorporate a distinct growth pattern into different stanzas, usually two. The proposal of 201 

Bervian et al. (2006) is based on a power equation, modified using a logistic function for the α 202 

and β parameters of Huxley (1924), as follows: 203 

Eq. 6     𝑊𝑖 = 𝛼1𝐿𝑖
𝛽1(1 + exp (𝑟(𝐿𝑖 − 𝐿𝑐)))−1 + 𝛼2𝐿𝑖

𝛽2(1 + exp (−𝑟(𝐿𝑖 − 𝐿𝑐)))−1,   204 

http://www.fishbase.org/
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where, 𝑊𝑖 and 𝐿𝑖 are the total weight and standard length of the i-th individual, respectively,  𝛼1 205 

and 𝛽1 are the proportionality constant (body shape) and the allometric coefficient in the first life 206 

stanza, and, 𝛼2 and 𝛽2, of the second life stanza, the parameter 𝐿𝑐 is the length where the stanza 207 

change occurs and r is the change rate between stanzas. 208 

However, we propose to test if the weight-length relationship is polyphasic with an alternative 209 

modification of the Huxley (1924) model, based on the exponential of a piecewise linear 210 

regression, as follows: 211 

Eq. 7    𝑊𝑖 =
𝛼

𝐿𝑐
𝛿𝑥𝑖

𝐿𝑖
(𝛽+𝛿𝑥𝑖), 212 

where, 𝐿𝑐 is the length at which the stanza change occurs, 𝛿 is the increment that occurs in the 213 

allometric coefficient in the second stanza, e, 𝑥𝑖 is a dummy variable, such that: 214 

Eq. 8      𝑥𝑖 = {1,   𝑠𝑒 𝐿𝑖≥𝐿𝑐 
0,   𝑠𝑒 𝐿𝑖<𝐿𝑐

 215 

Thus, when the fish is in the firts life stanza (𝐿𝑖 < 𝐿𝑐), then 𝑥𝑖 = 0, and in this case the weight 216 

of this fish is given simply by the equation of Huxley (Eq. 5). Otherwise, 𝛿 units will be added in 217 

the allometric coefficient, resulting in an allometric coefficient of 𝛽 + 𝛿 at the second stanza. 218 

The model was assumed to be 𝑊𝑖𝑗, total weight of the i-th specimen of sex j (male or female), 219 

following a normal distribution with precision (inverse of variance) 𝜏𝑗, and a mean differently 220 

determined for each model in Table 1, as follows:  221 

Model Agg:  𝔼[𝑊𝑖𝑗] = 𝛼𝐿𝑖𝑗
𝛽

   222 

Model FM: 𝔼[𝑊𝑖𝑗] = 𝑎𝑗𝐿
𝑖𝑗

𝛽𝑗
 223 

Model Agg2: 𝔼[𝑊𝑖𝑗] =
𝛼

𝐿𝑐

𝛿𝑥𝑖𝑗
𝐿𝑖𝑗

(𝛽+𝛿𝑥𝑖𝑗) 224 

Model F1M2: 𝔼[𝑊𝑖𝑗] = {

𝛼𝑗

𝐿𝑐

𝛿𝑥𝑖𝑗
𝐿𝑖𝑗

(𝛽𝑗+𝛿𝑥𝑖𝑗)
, 𝑗 = 𝑚𝑎𝑙𝑒

𝛼𝑗𝐿
𝑖𝑗

𝛽𝑗
                  , 𝑗 = 𝑓𝑒𝑚𝑎𝑙𝑒

 225 

Model F2M1: 𝔼[𝑊𝑖𝑗] = {

𝛼𝑗

𝐿𝑐

𝛿𝑥𝑖𝑗
𝐿𝑖𝑗

(𝛽𝑗+𝛿𝑥𝑖𝑗)
, 𝑗 = 𝑓𝑒𝑚𝑎𝑙𝑒

𝛼𝑗𝐿
𝑖𝑗

𝛽𝑗
                   ,   𝑗 = 𝑚𝑎𝑙𝑒

 226 

Model A1F2M2: 𝔼[𝑊𝑖𝑗] =
𝛼

𝐿𝑐𝑗

𝛿𝑗𝑥𝑖𝑗
𝐿𝑖𝑗

(𝛽+𝛿𝑗𝑥𝑖𝑗) 227 

Model F1M1A2: 𝔼[𝑊𝑖𝑗] =
𝛼𝑗

𝐿𝑐𝑗

𝛿𝑗𝑥𝑖𝑗
𝐿𝑖𝑗

(𝛽𝑗+𝛿𝑗𝑥𝑖𝑗), 𝑤ℎ𝑒𝑟𝑒 𝛿2 = 𝛽1 + 𝛿2 − 𝛽2 228 

Model F2M2: 𝔼[𝑊𝑖𝑗] =
𝛼𝑗

𝐿𝑐𝑗

𝛿𝑗𝑥𝑖𝑗
𝐿𝑖𝑗

(𝛽𝑗+𝛿𝑗𝑥𝑖𝑗) 229 

The prior distributions for the precisions were assumed Gamma (10-3, 10-3). For the parameters 230 

𝛼𝑗, they were normal with mean zero and variance10³, truncated in the range [10-6, 1] by an 231 

indicator function. Vague Normal distributions with mean 3 and variance 104, truncated in the 232 

interval (1, 6), were also specified for the allometric coefficients. The stanza change lengths were 233 

specified with a uniform distribution, defined among 0 and 20 cm. Finally, uniform distributions, 234 
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defined in the interval (-5, 5), were specified for 𝛿𝑗. The posteriors distributions of the estimated 235 

parameters were generated from the MCMC process, with 7e5 iterations, discarding the first 4e5 236 

iterations, and recording in a range of 150 amplitude, resulting in a final sample of size 2000. 237 

2.3.4. Somatic growth 238 

Somatic growth in fish is commonly modeled by the von Bertalanffy function (VBGF). The  239 

VBGF has several parametrizations, and the one originally proposed by von Bertalanffy (1938) 240 

is given as follows: 241 

Eq. 9            𝔼(𝐿𝑖| 𝑡𝑖) = 𝐿∞ − (𝐿∞ − 𝐿0)𝑒 −𝐾𝑡𝑖, 242 

where, 𝐿𝑖 and 𝑡𝑖 are the length and the age of the i-th individual, respectively. 𝐿∞, K and 𝐿0 are 243 

parameters of the von Bertalanffy equation (Eq. 9) which represent the asymptotic length, for 244 

which growth is zero, growth coefficient and mean length for age zero, i.e., birth length, 245 

respectively. 246 

Francis (1988) proposed another parameterization for eq. 9, with more realistic and consistent 247 

parametric interpretations, as well as a lower correlation between parameters, as follows: 248 

Eq. 10         𝔼(𝐿𝑖| 𝑡𝑖) = 𝐿1 − (𝐿3 − 𝐿1)
1−𝑟

2
𝑡𝑖−𝑡1
𝑡3−𝑡2

1−𝑟2 , 249 

where, 𝑟 =
𝐿3−𝐿2

𝐿2−𝐿1
, 𝐿1, 𝐿2 e 𝐿3 are the model parameters and represent the average lengths for the 250 

ages 𝑡1, 𝑡2 e 𝑡3, respectively. Ages 𝑡1 e 𝑡3 are arbitrarily defined, while age 𝑡2 is the intermediate 251 

age between the other two. Francis (1988) also demonstrated that the original parameters could 252 

be derived from the new parameters as follows:  253 

Eq. 11   𝐿∞ = 𝐿1 +
𝐿3−𝐿1

1−𝑟²
 e 𝐾 =

−2log (𝑟)

𝑡3−𝑡1
 254 

The first option to obtain the estimates of the VBGF parameters is to fit a nonlinear model to the 255 

length and age crossed data of each individual. However, the acquisition of fish age data is a 256 

laborious, time-consuming, costly and sometimes imprecise and inaccurate task (Campana, 2001; 257 

Chang & Maunder, 2012). In this sense, Alves et al. (submitted in November/2017) proposed a 258 

model based on the likelihood that allows to infer about these parameters and about the population 259 

age composition (number of individuals at each age), based only on the length data. Thus, the 260 

model proposed by Alves et al. (submitted in November/2017) was expanded to Bayesian 261 

approach in this study, since all development based on inference with the likelihood has already 262 

been performed. This model assumes that the 𝐿𝑖 lengths are organized in intervals (length classes), 263 

and, counted the number of individuals present in each length class, Nj, number of individuals in 264 

the length class j, where j varies from 1 to n, where n is the number of length classes. Now consider 265 

N a vector of length n, containing the n random variables Nj, that is, N={N1, N2, N3, ..., Nn}. The 266 

expected value of the vector N is a function of the age composition A (number of individuals in 267 

each age group) and the transition matrix P (matrix with theoretical values obtained by some 268 

somatic growth model), as follows: 269 

Eq. 12             𝔼(𝑵) = 𝑨𝑷, 270 

where, A = line vector containing the age composition (number of individuals in each age group 271 

i), where i varies from 1 to the number of age groups m; P = transition matrix (age x length), with 272 

dimensions m x n. Each row in this matrix adds a unit, since each element of the row represents 273 

the probability that an individual of an age group belongs to each length class, that is, P(L=j | 274 

t=i).  275 
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This matrix is filled with theoretical values by some somatic growth model, in this case the VBGF, 276 

computed as described by Parrack and Cummings (2003), as follows: 277 

Eq. 13 𝑃[𝑖, 𝑗] = ∫ 𝑓(𝐿|𝑡 = 𝑖, 𝝓)d𝐿
𝑗+1

𝑗
= ∫ 𝑓(𝐿|𝑡 = 𝑖, 𝝓)d𝐿

𝑗+1

−∞
− ∫ 𝑓(𝐿|𝑡 = 𝑖, 𝝓)d𝐿

𝑗

−∞
, 278 

where, 𝑃[𝑖, 𝑗] = element of the line i (age i, t = i) and column j (length j, L = j) of the matrix P; L 279 

= fish length, a random variable, dependent on age (t), distributed by a normal probability density 280 

function, 𝐿|𝑡~N(𝜇𝐿, 𝜎𝑉𝐵𝐺𝐹
2 ), where 𝜇𝐿 is given by 𝔼(𝐿𝑖| 𝑡𝑖), as described by the VBGF (equations 281 

9 and 10), and, 𝜎𝑉𝐵𝐺𝐹
2  was set at 3, according Bartoo & Parker (1983). 282 

The parameters set 𝐿|𝑡 is 𝝓𝟏 = {𝐿1, 𝐿2, 𝐿3, 𝜎𝑉𝐵𝐺𝐹
2 }, if the parameterization proposed by Francis 283 

(1988) is used or 𝝓𝟐 = {𝐿∞, 𝐿0, 𝐾, 𝜎𝑉𝐵𝐺𝐹
2 }, if the original parameterization is used. Based on the 284 

values of 𝝓 it is possible to construct the P matrix with theoretical values, which are a VBGF 285 

function.  286 

Nj are assumed to be random variables independent from each other, but not identically 287 

distributed. Each Nj follows a probability distribution fj (Nj |θj). Thus, fn (N |θ) is the joint 288 

probability distribution for N and is given by the product of the marginal probability distributions 289 

of each random variable Nj, as follows: 290 

Eq. 14    𝑓𝒏(𝑵|𝜽) = ∏ 𝑓𝑗(𝑁𝑗|𝜃𝑗)𝒏
𝒋=𝟏 . 291 

In this study, fj (Nj |θj) was assumed to be a normal, under the justification of the asymptotic theory, 292 

as proposed and discussed by Alves et al. (submitted in November/2017). Thus, the joint 293 

probability distribution 𝑓𝒏(𝑵|𝜽) can be expressed in the multivariate form, resulting in the 294 

following likelihood function ℒ(𝜽|𝑵). 295 

Eq. 15  ℒ(𝜽|𝑵) = 𝑓𝒏(𝑵|𝜽) =
1

√(2𝜋)𝑛|𝚺|
exp {−

1

2
(𝑵 − 𝑨𝑷)′𝚺−𝟏(𝑵 − 𝑨𝑷)}, 296 

where, 𝜮 is the (co)variance matrix of N, with dimensions n x n. Assuming that the m random 297 

variables Nj are independent and uncorrelated, 𝜮 is a definite positive diagonal matrix, where the 298 

main diagonal contains the variances of each Nj, 𝜎𝑁
2.  299 

In these case study, the response variable Njk was defined as abundance, in number of individuals, 300 

of the kth sex (male or female) in each length class j, where j varies from 1 to n. The number of 301 

length classes n was set at 38, where the lower limit of the first length class was 10 mm, with 302 

amplitude of 2 mm among classes, and upper limit of the last class at 86 mm. The age composition 303 

was established as a vector of size m = 5, containing the proportion of individuals (at) at each age 304 

t, where the mean ages were set at 0.25, 0.50, 1.0, 1.5 and 2,0 years, i.e., 3, 6, 12, 18 and 24 305 

months, respectively. In all, 12 competing models were fitted, which differed among them in 306 

relation to: i) the specification of prior distributions, vague or informative; ii) the parameterization 307 

of the VBGF used, the one proposed by Francis (1988) or the original one; and iii) regarding the 308 

hypotheses of sexual dimorphism. Three hypotheses of dimorphism were established, H1) VBGF 309 

growth parameters and age composition for the clustered sexes; H2) Distinct VBGF growth 310 

parameters between the sexes, with the same age composition; and H3) Distinct VBGF growth 311 

parameters and age compositions between the sexes. For the models with the VBGF 312 

parameterization proposed by Francis, the ages 𝑡1, 𝑡2 and 𝑡3 were set at 0, 0.5 and 1.0 year, 313 

respectively. Thus, the L1, mean length of age t1=0, reduces to the same parameter of the original 314 

VBGF L0. The values for both parameters L0 and L1 were set at 3 mm, which is the standard length 315 

between larval hatching and a larvae in the pre-flexion stage, for the congener A. altiparanae 316 

(Nakatani et al., 2001). 317 
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The prior distribution for the age composition A, independently of the fitted model, was that of 318 

Dirichlet, with all hyperparameters set at 1. The Njk variances were parametrized for precision, 319 

specifying the prior Gamma (10-2; 10-2) distribution for all sexual groups.  320 

The prior distributions for the somatic growth parameters of both VBGF parametrizations are 321 

specified in table 2. For the models fitted with vague prior distributions, the same distributions 322 

were specified for all sexual groups (Table 2). The mean values of the parameters L2, 𝐿∞ and K 323 

were extrapolated from the study of Nascimento et al. (2017). 324 

Table 2 325 

Given the greater complexity of these models and difficulty of convergence, 8 parallel chains 326 

were fitted in order to evaluate the sensitivity of the models. Each chain was generated via 327 

MCMC, with 2.2e6 iterations, discarding the first 2e5 iterations, and recording in 1000 amplitude 328 

intervals, culminating in final samples of size 1800. The selection of the final model was based 329 

on three features: i) chains convergence, measured as the number of parallel chains that converged 330 

in some stationarity regions; ii) robustness, measured as the number of stationarity regions 331 

between the parallel chains; and iii) adjustment and parsimony, measured as the lowest DIC value 332 

among the parallel chains that converged. A score was established for each feature, ranging from 333 

0 to 1, and a final score was calculated using the arithmetic mean of the three previous scores. 334 

The model with the highest final score was chosen as the final model for more detailed checks. 335 

The scores of each feature were obtained by the following items, respectively: i) the quotient 336 

between this metric and 8 (number of parallel chains); ii) the ratio of the quotient between 8 337 

(number of parallel chains) and the value of this metric and 8 (number of parallel chains); and iii) 338 

value 1 for the model with the lowest DIC, 0.90 for the models that presented a ΔDIC less than 5 339 

(non-significant difference), and 0.10 for the others, noting that the DIC value considered for each 340 

model was that from the parallel chain that presented the lowest DIC among those that converged. 341 

3. Results 342 

3.1. Sex ratio 343 

A total of 326 specimens of Astyanax paranae were sampled, of which 174 were sexually 344 

determined - 73 males and 101 females. The set of the fitted models to the data of the 174 345 

specimens did not present significant evidence that the sex ratio varies according to the fish weight 346 

or length (Table 3). Although all the five fitted models are equally parsimonious (ΔDIC<5), the 347 

null model (only with intercept), besides being the simplest model, was the one that presented the 348 

lowest DIC and was the selected model. A sex ratio of approximately 1.4 females/male was 349 

estimated by the null model.The 95% credibitlity interval did not contain the value 1 (1.024; 350 

1.893), which means that, this population contained more females than males in the studied 351 

period, being that about 58% (50.6; 65.4) of the individuals were females (Table 4). However, 352 

there was no significant evidence to discard the remaining models and we chose to represent their 353 

predictions graphically in figure 1. It is noticeable that the models with the weight effect have the 354 

greatest positive tendency (Figure 1), and the model with simple weight effect was the second 355 

model with lower DIC (Table 3). 356 

Table 3 357 

Table 4 358 

Figure 1 359 

3.2. First sexual maturation size (L50) 360 

The results of the logistic regression models fitted to estimate the first maturation size of A. 361 

paranae females indicate that the proportion of mature females increases according to their length 362 
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(Table 5, Figure 2). The L50 estimates were similar among the three fitted models, which were 363 

distinct regarding the prior distributions (Table 5). These results demonstrate that the different 364 

priors exerted little influence on the posteriors estimates, indicating that the data were informative. 365 

However, the L50 estimates were slightly more accurate by the model with more informative prior 366 

about this parameter (Table 5, Figure 2). According to this model, the standard length of first 367 

maturation was estimated at 37.75mm (35.73; 39.64). 368 

Table 5 369 

Figure 2 370 

3.3. Weight-length relationship 371 

Eight models were fitted to translated different biological hypotheses into the weight-length 372 

relationship (Table 1). The Agg model assumes that there are no differences in this relationship 373 

between the sexes (there is no tendency for sexual dimorphism) and that the growth pattern (ratio 374 

of weight to length increments) is not altered at any particular life history stanza. Thus, this model 375 

is analogous to the null hypothesis of absence of distinct growth patterns by sex and life stanzas. 376 

Although this was the simplest model, it was also the least parsimonious, with the highest DIC 377 

value (-75.64), which shows that there are more complex patterns in this population weight-length 378 

relationship (Table 6). The significantly more parsimonious models (ΔDIC>20 for the other 379 

models) were F1M1A2 and F2M2 respectively (Table 6). Initially, both models should be considered 380 

as competing, i.e., equivalently plausible, given the low ΔDIC (0.95). F1M1A2 model translates the 381 

hypothesis that the growth pattern is altered in a certain life history stanza of each sex, but with 382 

different patterns between the sexes only in the first stanza, and the same allometric coefficient at 383 

the second stanza. The difference between this model and the F2M2 model is that in the second 384 

life stanza of each sex the estimates of the allometric coefficients can be different between the 385 

sexes. 386 

Table 6 387 

The two most parsimonious models, F1M1A2 and F2M2, were selected for a more detailed 388 

comparative analysis. In general, these two models generated very close estimates. Regarding the 389 

parameter a, which represents the body shape or the predicted weight for individuals of 1.0 cm, 390 

the estimates (posterior mean and 95% credible interval) were 0.019 (0.015; 0.023) for females 391 

and 0.023 (0.018; 0.029) for males, obtained by both models (Figure 3). Estimates for the standard 392 

length of stanza change were also equivalent between the two models, 6.23 (6.04; 6.44) for 393 

females and 5.74 (5.52; 6.01) for males obtained by the F1M1A2 model, and 6.30 (6.05; 6.52) for 394 

the females and 5.70 (5.26; 6.04) for males by the F2M2 model (Figure 3). 395 

For the allometric coefficient of the first life stanza, the estimates obtained by the model F1M1A2 396 

were 3.08 (2.96; 3.21) and 2.88 (2.73; 3.03) for females and males, respectively, and 3.09 (2.96, 397 

3.21) for females and 2.88 (2.72, 3.05) for males by the F2M2 model (Figure 3). For the second 398 

life stanza, these estimates were 5.22 (4.43, 6.41) for both sexes, estimated by the model F1M1A2, 399 

and 5.85 (4.40, 7.83) and 5.06 (3.90, 6.86) for females and males, respectively, obtained by the 400 

F2M2 model (Figure 3). Thus, in the first life stanza, the estimates of the allometric coefficient for 401 

both models were equivalent, whereas in the second life stanza, the first model (that assumes 402 

equal coefficients for both sexes) obtained intermediate estimates for males and females generated 403 

by the second model (Figure 3). 404 

Considering that the difference between the estimated allometric coefficients between the sexes 405 

in the second life stanza by the second model were 0.80 (-1.29, 3.15), that is, having zero in the 406 

CI 95% (which means no significant differences between the estimates of both sexes in this 407 

stanza); and that the predicted mean weights were equivalent between the models (Figure 4), it is 408 
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possible to infer that they express the same posterior pattern. Therefore, the model selected to 409 

verify the hypotheses of allometry and sexual dimorphism was the simplest one - F1M1A2. 410 

Figure 3 411 

Figure 4 412 

Based on the estimates obtained by the F1M1A2 model, when individuals are 1 cm, males had a 413 

slightly higher mean predicted body weight (α: body shape) than females, 0.023 g vs. 0.019 g 414 

(Figure 3). Moreover, the posterior probability of αm > αf, P(αm – αf >0) was estimated at 91.8%, 415 

and P(αm – αf >0.002)=80.2%, which means that the probability that the mean weight of males is 416 

greater than that of females is 91.8%, and that the probability of this difference being greater than 417 

2 mg is 80.2% for individuals of 1 cm. However, females presented estimates for the allometric 418 

coefficient higher than males, 3.08 vs 2.88, at the first life stanza (Figure 3). The probability of 419 

the allometric coefficient of females being greater than that of males was 97.3% (P(β1f – β1m > 420 

0)=97.3%) with a probability of 84.7% of this difference being higher than 0.1 (P(β1f – β1m > 421 

0.1)=84.7%), indicating that females are more likely to gain more weight as they grow compared 422 

to males. At the second life stanza, on the other hand, both sexes present the same value for the 423 

allometric coefficient. Finally, P(β1f > 3) = 91.4% and P(β1m > 3) = 6.2% indicate that in the first 424 

life stanza, females tend to have a positive allometric growth, with a greater proportion in the 425 

increase by weight than in length, whereas males tend to the inverse pattern of negative allometric 426 

growth.  427 

In short, it is possible to infer that males and females present biphasic growth, with greater 428 

increase in weight for females, only in the first stanza. In the second stanza, both sexes present a 429 

greater increase in weight than in the first stanza, but in an indistinct way between the sexes. 430 

3.4. Somatic growth 431 

It is not easy to perform an objective and direct analysis to select the most appropriate somatic 432 

growth model based only on length data given the complexity of these models. Thus, the selection 433 

of these models was performed after sensitivity exploratory analyzes contained in the 434 

Supplementary Material and objective analyzes based on three different features: convergence, 435 

robustness and goodness of fit. The models that considered clustered sexes were successful in the 436 

convergence feature, with convergence failure in a single parallel chain, in the Agg1i model (Table 437 

7). On the other hand, the models with different growth and age composition parameters between 438 

the sexes presented the greatest difficulty of convergence. Although these models with distinct 439 

age compositions are apparently robust, with overlapping posteriors distributions between the 440 

parallel chains, they presented polymodal tendencies, which also reduced their DIC values (Table 441 

7). 442 

In short, the best-ranked model was FM1i, that is, the model with distinct growth parameters 443 

between the sexes, but with the same age composition, and also with informative prior 444 

distributuions and von Bertalanffy parameterization proposed by Francis (1988). This result is 445 

also consistent with the sensitivity analyzes (Supplementary Material), since FM1i was the only 446 

model, among those with the lowest DICs, that presented a single stationary region (robustness). 447 

Moreover, this region, besides having low DIC values, was also present in the other three models. 448 

Table 7 449 

Estimates of the FM1i model are detailed in Table 8, and show that the growth patterns are 450 

equivalent between both sexes. Males showed an estimated asymptotic length of 47.26 mm, 451 

slightly lower than females (48.88 mm), which in turn had a lower growth coefficient (K) than 452 

males (Table 8). This model assumes that males and females have the same age composition, 453 

predominated by young specimens up to one year old. However, it should be noted that this age 454 
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composition underestimates the proportion of young individuals, since it was performed only with 455 

sexed individuals. 456 

Table 8 457 

4. Discussion 458 

4.1. Sex ratio 459 

The results showed a higher proportion of females for the population of A. paranae in streams of 460 

the upper Paraná river basin. This pattern was also observed by Abelha and Goulart (2008) and 461 

Barbieri (1992), who found a higher prevalence of females for other populations of A. paranae 462 

inhabiting a reservoir and low order rivers, respectively. However, studies related to other 463 

populations of the genus Astyanax presented different patterns, with a higher proportion of males 464 

for A. gymnodontus in an influence area of a reservoir (Baumgartner et al., 2016), and for A. 465 

scabripinnis paranae in small rivers order (Veregue & Orsi, 2003). For A. henseli, on the other 466 

hand, no differences were found in sex ratio (Dala-Corte & Azevedo, 2010), a pattern commonly 467 

observed for fish populations (Nikolsky, 1969). 468 

The sexual ratio may undergo several changes due to environmental pressures, e.g. temperature 469 

(Conover, 1984), and behavioral differences during the life cycle of the species (Vazzoler, 1996; 470 

Wootton, 1999). This proportion may change among populations of the same species and among 471 

periods in the same population (Nikolski, 1963; Forsgren et al., 2004). The highest proportion of 472 

females found in the studied population may be a self-response to replace large losses by predation 473 

(Vazzoler, 1996), ensuring the maintenance of the population size or even its growth. Moreover, 474 

the results presented by Abelha and Goulart (2008) demonstrate a trend of higher proportion of 475 

females in the upper length classes, which may indicate possible sexual dimorphism in the size 476 

of this species. This hypothesis was tested in our study and no significant evidences were found 477 

to affirm that the population studied also shows this tendency. However, the aforementioned 478 

authors reported individuals of larger sizes, especially females, with a maximum standard length 479 

of 120 mm and 90 mm for females and males, respectively, while in the evaluated population the 480 

largest specimens measured, in this order, 67 mm and 63 mm of standard length. 481 

4.2. First sexual maturation size  482 

Based on the A. paranae population studied, the standard length of first maturation of females 483 

was estimated at 38.12 mm and 37.75 mm, using non-informative and informative prior 484 

distributions, respectively. Veregue and Orsi (2003) estimated that 50% of the females of A. 485 

scabripinnis paranae of the Tibagi river basin reach sexual maturity at 50.4 mm of total length. 486 

Assuming that the standard length for this species represents approximately 80% of the total 487 

length, the estimate obtained by the aforementioned authors would be equivalent to 40.3 mm of 488 

standard length. Even so, the estimates for the females of A. paranae from the Guiraí River 489 

subbasin, presented lower L50 values than those estimated for the population of the Tibagi river 490 

basin (Veregue & Orsi, 2003). This difference is possibly due to environmental factors. The 491 

streams sampled on the Tibagi River are 520 m and 470 m above sea level, while the highest 492 

altitude in the sites sampled in the present study was 368 m, with a mean of 311 m. Thus, it is 493 

possible that the low altitudes and higher temperatures of the streams that harbor the population 494 

studied in the present study influence the size of the fish to reach sexual maturity. There is also 495 

the possibility of this population being exposed to limiting environmental conditions, e.g. high 496 

predation and low feed availability, with high mortality, resulting in more rapid sexual maturation. 497 

4.3. Weight-length relationship 498 

The growth pattern, proportions between the increments in weight and length, differs among life 499 

stanzas of the studied population. In fact, growth patterns in nature may be more complex than 500 
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those commonly found in most studies (e.g. Hilborn et al., 2003), since high natural variability 501 

may obscure them, making it difficult to identify (Fontoura et al., 2010). This pattern of 502 

polyphasic growth has already been reported for other fish species, including for the Characidae 503 

A. jacuhiensis and Cheirodon ibicuhiensis (Fontoura et al., 2010), as well as for the Siluriformes 504 

Auchenipterichthys longimanus (Freitas et al., 2016) and Corydoras paleatus (Barradas et al., 505 

2016). These studies associated polyphasic growth with reproductive investment, that is, the 506 

stanza change coinciding with the first maturation size. An exception occurred for A. jacuhiensis, 507 

in which this association was not conclusive, since the stanza change occurred in a length less 508 

than L50 (Fontoura et al., 2010). 509 

In this study, stanza changes were estimated to occur at 57.4 mm and 62.3 mm of standard length 510 

for males and females, respectively, values considerably larger than the highest estimate of L50 511 

obtained for females. Thus, it is not possible to attribute the change in the growth pattern of the 512 

studied population to the alterations in the energy investment from growth to reproduction. 513 

Differences in growth pattern between the sexes were observed only in the first life stanza, when 514 

the males tended to negative allometric growth and females to positive allometric growth. These 515 

results indicate that males have lower weight gain rates than females. Similar pattern was 516 

observed for A. paranae individuals under optimal conditions in experimental aquarium, where 517 

females had significantly higher mean weights than males of similar mean standard lengths 518 

(Nascimento et al., 2017). This greater potential of female weight gain in relation to males in the 519 

first life stanza is relatively common in species without parental care (Lowe-McConnel, 1999), 520 

since a heavier body may mean more eggs and larger fertility (Morita et al., 1999). This pattern 521 

is further reinforced by the lower proportion of males in the population, which can increase sperm 522 

competition among them causing greater energy allocation in the production of sperm to ensure 523 

the fertilization of as many eggs as possible, reducing their investment in somatic growth (Parker, 524 

1992). On the other hand, in the second life stanza, both sexes present the same allometric 525 

coefficient, severely positive, which means that there is a high increase in weight for each 526 

centimeter of standard length acquired. The results indicate that this second stanza would occur 527 

in individuals of the population with more than one year old, with very low growth rates in length. 528 

4.4. Somatic growth 529 

Age and somatic growth studies are one of the most important aspects of population dynamics, 530 

especially those related to the fish stocks assessment. The execution of these studies, however, is 531 

limited by a series of factors, such as the difficulty in acquiring fish age data and, consequently, 532 

statistical methods able to adequately infer the parameters of somatic growth and age composition 533 

based only on one sample length data. Based on the model presented by Alves et al. (submitted 534 

in November/2017) and the Bayesian extension proposed here, it was possible to estimate the 535 

parameters of the von Bertalanffy function, as well as the age composition, even if this analysis 536 

should be done in a mindful and parsimonious way. 537 

The results indicated that the parameterization of the VBGF proposed by Francis (1988) was more 538 

robust than the original parameterization (von Bertalanffy, 1938), with more chances to present 539 

parallel chains converging at the same stationary region. In addition, the Bayesian approach used 540 

has the potential to improve the reliability of the somatic growth inferences made in the study, 541 

since it allows the inclusion of previous information from other studies.  542 

Even though there is no other age and growth studies of A. paranae available to propitiate the 543 

establishment of more concise informative prior distributions, it was possible to use in this study 544 

some previous information from the paper of Nascimento et al. (2017), from aquaculture area, 545 

which contributed to the robustness of the results, at least when using the parameterization of 546 

Francis (1988). This relationship of robustness between VBGF parameterization and informative 547 

prior distributions may be a result of the information provided in Nascimento et al. (2017), which 548 
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represented the means lengths of A. paranae about 2 and 6 months old. Thus, it was possible to 549 

extract a direct information about the parameter L2, mean length for the second age, defined in 6 550 

months in the model of the present study. On the other hand, with the original parameterization, 551 

this previous information had to be extrapolated to perform the a priori inference for the 552 

parameters L∞ e K. 553 

The mean lengths of 6-months-old A. paranae found by Nascimento et al. (2017) were 554 

approximately 45.1 mm and 50.8 mm for males and females, respectively (diploids only). The 555 

final estimates of the present study, for this same age, were 37.51 mm and 37.41 mm for males 556 

and females, respectively. This difference may be due to the origin of the studied specimens 557 

studied, which were created under optimal conditions of experimental aquariums by Nascimento 558 

et al. (2017) and, in the present study, are wild specimens inhabiting streams, dynamic natural 559 

environments. Thus, reared specimens are expected to express their full growth potential, while 560 

those living in the natural environment are subject to the constraints imposed therein, such as the 561 

availability of food resources, energy expenditure to avoid predation, among others. These factors 562 

may also explain the absence of differences between the mean lengths of males and females, both 563 

6 months old and 1 year old, according to the presented estimates. 564 

Considering that environmental forces are limiting the expression of the somatic growth potential 565 

of this population, acting indiscriminately in both sexes, it is expected equivalent effective 566 

somatic growth rates to both, even with higher growth potential for females, as observed in 567 

Nascimento et al. (2017). However, according to the results presented here, the model that 568 

estimated growth parameters for both sexes was more parsimonious than the model that estimated 569 

the parameters for the clustered sexes. One explanation would be that although estimates of L2 570 

and L3 are close between the sexes, L∞ was slightly higher for females, and there is greater 571 

variability in the estimates of these three parameters for them. Thus, it is reasonable to assume 572 

that these two characteristics indicate the greatest growth potential of females, which was not 573 

expressed given the environmental limitations. 574 

Abelha and Goulart (2008) found specimens remarkably larger than those observed in our study, 575 

inhabiting reservoirs. However, Ferreira et al. (2012a; 2012b) and Veregue and Orsi (2003) 576 

recorded specimens of the same length ranges found also in streams. Thus, it is possible that, in 577 

streams, which are highly dynamic environments with low predictability and diverse sources of 578 

disturbance, there is a selection force acting for individuals with strategies and sizes similar to 579 

those found in our study. Though, in reservoirs, the relative stability and the high resource 580 

availability characteristic of their marginal areas may prevent the existence of this environmental 581 

filter, allowing larger specimens to occur. Thus, it is suggested that, under optimal conditions, 582 

with availability of resources and absence of severe predation, individuals are able to express their 583 

potential growth before sexual maturation without impairing their reproduction. On the other 584 

hand, under limiting conditions, fish should prioritize the energy allocation for reproduction, 585 

including reducing the first maturation size, in order to ensure the maintenance of the population. 586 

4.5. Final considerations 587 

The Bayesian proposals of a biphasic model for weight-length relationship and the somatic growth 588 

model based only on length data, demonstrated great potential and applicability for the population 589 

studies. These analyzes, together, allowed the identification of complex biological patterns in the 590 

studied A. paranae population, which may be frequent in nature, but difficult to identify (Hilborn 591 

et al., 2003; Fontoura et al., 2010). In addition, Bayesian inferences about biological parameters 592 

are an advantageous option for population studies, although it was not the purpose of this study 593 

to compare it with other approaches. Among the main advantages of the Bayesian approach are: 594 

i) the ability to consider different sources of a prior information to the data to be modeled, which 595 

may assist the researchers in their conclusions, especially in situations where data is not very 596 
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informative, such as in somatic growth analyzes based only on length data, or in studies with 597 

small samples; ii) the possibility of making probabilistic statements about the parameters, as was 598 

done in this study, mainly in the allometric growth hypotheses evaluations (β = 3); and iii) the 599 

simplicity of estimating credible intervals of the parameters functions, a frequent situation in 600 

ecological studies. Besides that, the reparametrization of the logistic model as a function of the 601 

parameter L50, is also an interesting alternative in both approaches, Bayesian and frequentist. This 602 

parameterization allows the Bayesians to include information directly related to this parameter of 603 

interest, and for the frequentist statisticians, the possibility of estimating confidence intervals 604 

based on the likelihood ratio, rather than asymptotic. 605 

Finally, we emphasize the Bayesian approach as an important statistical framework to minimize 606 

the lack of knowledge of the great diversity of fish species and populations and their biology, 607 

which is a wide challenge for conservation biologists and ecologists. This approach provides an 608 

easy and intuitive way of thinking about biological and ecological problems (Spor et al., 2010) 609 

and supllies basic logical application for knowledge accumulation (Hobbs & Hilborn, 2006). 610 

Bayesian inference has been growing among ecologists (Monnahan et al., 2017) with important 611 

contributions, including for weight-length relationship (Froese et al., 2014). However, it should 612 

be emphasized that a priori information must be used with discretion, caution and parsimony. 613 
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Table 1. Different hypotheses related to sexual dimorphism and distinct growth patterns. 744 

Sexual 

Dimorphism  

Growth 

stanzas 
Model Hypotheses 

Absent Unique Agg Absence of sexual dimorphism and single growth stanza. 

  FM Tendency of sexual dimorphism and single growth stanza. 
Present Two Agg2 Absence of sexual dimorphism and two growth stanzas. 

  F1M2 Tendency of sexual dimorphism and two growth stanzas only for males. 

  F2M1 Tendency of sexual dimorphism and two growth stanzas only for females. 
  A1F2M2 Tendency of sexual dimorphism only in the second growth stanza. 

  F1M1A2 Tendency of sexual dimorphism only in the first growth stanza. 

    F2M2 Tendency of sexual dimorphism in both growth stanzas. 

 745 

  746 
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Table 2. Prior distributions for the parameters of the VBGF somatic growth. The means of the 747 

parameters L2, 𝐿∞ and K were extrapolated from the study of Nascimento et al. (2017). 748 

Parameterization Priori Sex Parameters/ Distributions 

   L2 L3 

Francis (1988) Flat All N(45,0; 10-3)I(3,500) N(60,0; 10-3)I(L2,500) 
     

 Informative Clustered N(48,0; 9)I(3,200) N(60,0; 10-3)I(L2,200) 

  Female N(50,8; 9)I(3,200) N(60,0; 10-3)I(L2,200) 

  Male N(45,0; 9)I(3, 200) N(60,0; 10-3)I(L2,200) 
     

   𝐿∞ K 

VBGF Original Flat All N(60,0; 10-3)I(0,500) N(1,0; 10-3)I(0, 50) 
     

 Informative Clustered N(66,5; 5)I(0,200) N(2,8; 0,8)I(0, 50) 

  Female N(74,1; 5)I(0,200) N(2,6; 0,8)I(0, 50) 

    Male N(59,1; 5)I(0,200) N(3,1; 0,8)I(0, 50) 

 749 

  750 
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Table 3. DIC values of the fitted models considering the sex ratio of A. paranae. 751 

Models/Hypotheses DIC ΔDIC 

Null 238.65 - 

Weight (simple effect) 239.36 0.71 

Length (simple effect) 240.68 2.03 

Weight (quadratic effect) 241.40 2.75 

Length (quadratic effect) 241.88 3.23 

 752 

  753 
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Table 4. Estimates of the intercept of the null model and functions of this parameter, such as the 754 

odds-ratio of females (OR) and proportion of females (θ) at the A. paranae study population. 755 

Parameters Mean SD Median CI 95% 

β0 0.328 0.154 0.325 (0.024; 0.638) 

OR = eβ0 1.404 0.219 1.384 (1.024; 1.893) 

θ = (1+ e-β0)-1 0.581 0.037 0.580 (0.506; 0.654) 

SD: standard-deviation; CI 95%: credible interval of 95%. 
 756 

  757 
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Table 5. Parameters estimates of the three logistic models fitted to estimate the size of first sexual 758 

maturation L50 of A. paranae. 759 

Prioris Parameters Mean SD Median CI 95% 

Non-informative β0 -5.613 1.184 -5.58 (-8.075; -3.315) 

 β1 0.147 0.031 0.146 (0.088; 0.194) 

 L50 38.119 1.772 38.099 (34.772; 42.764) 
        

Slightly informative β0 -5.385 1.144 -5.326 (-7.844; -3.298) 

 β1 0.141 0.03 0.139 (0.085; 0.205) 

 L50 38.219 1.743 38.167 (34.838; 41.754) 
        

Informative β0 -5.434 1.181 -5.356 (-7.860; -3.265) 

 β1 0.144 0.031 0.142 (0.087; 0.208) 

  L50 37.75 1.01 37.769 (35.730; 39.642) 

SD: standard-deviation; CI 95%: credible interval of 95%. 
 760 

  761 
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Table 6. DIC values of the fitted models considered in Table 1.  762 

Models/Hypotheses DIC ΔDIC 

Agg -75.64 69.20 

FM -99.91 44.92 

Agg2 -113.89 30.95 

F1M2 -124.01 20.82 

F2M1 -116.38 28.46 

A1F2M2 -123.68 21.16 

F1M1A2 -144.83 - 

F2M2 -143.89 0.95 

 763 

  764 
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Table 7. Results of metrics and scores of each feature evaluated by model. 765 

Feature  
Models 

Agg1v Agg2v FM1v FM2v FMA1v FMA2v Agg1i Agg2i FM1i FM2i FMA1i FMA2i 

Convergence             

Number of chains that 

converged 
8 8 6 7 1 1 7 8 8 6 6 2 

Score 1.00 1.00 0.75 0.88 0.13 0.13 0.88 1.00 1.00 0.75 0.75 0.25 

Robustness             

Number of "stationary regions” 2 3 3 2 1 2 1 2 1 2 1 1 

Score 0.50 0.33 0.33 0.50 1.00 0.50 1.00 0.50 1.00 0.50 1.00 1.00 

Goodness of fit /Parcimony             

Lower DIC among the chains 

that converged 
247.7 202.6 223.6 205.0 213.0 213.7 251.8 206.1 207.7 231.7 211.8 227.5 

Score 0.10 1.00 0.10 0.90 0.10 0.10 0.10 0.90 0.50 0.10 0.50 0.10 

Conclusion             

Final score 0.53 0.78 0.39 0.76 0.41 0.24 0.66 0.80 0.83 0.45 0.75 0.45 

Ranking 7 3 11 4 10 12 6 2 1 8 5 8 

 766 

  767 
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Table 8. Estimates of the model FM1i parameters of somatic growth of VBGF, of both 768 

parameterizations (original and Francis, 1988), for the A. paranae population studied. 769 

Parameters Mean SD Median CI 95% 

S
o

m
at

ic
 g

ro
w

th
 

Male 

L∞ 47.26 0.96 45.44 (47.24; 49.25) 

K 3.03 0.15 2.74 (3.03; 3.34) 

L3 45.10 0.68 43.76 (45.11; 46.45) 

L2 37.51 0.48 36.57 (37.51; 38.48) 

τ 0.79 0.21 0.43 (0.77; 1.26) 

      

Female 

L∞ 48.88 2.61 44.13 (48.91; 53.82) 

K 2.80 0.25 2.35 (2.79; 3.30) 

L3 45.97 1.83 42.48 (46.07; 49.27) 

L2 37.41 0.90 35.64 (37.44; 39.11) 

τ 0.26 0.07 0.14 (0.26; 0.42) 
       

A
g

e 
co

m
p

o
si

ti
o

n
 

Clustered 

a3 0.34 0.03 0.29 (0.34; 0.39) 

a6 0.40 0.03 0.35 (0.40; 0.45) 

a12 0.06 0.05 0.00 (0.05; 0.18) 

a18 0.09 0.06 0.00 (0.08; 0.22) 

a24 0.11 0.06 0.01 (0.10; 0.23) 

SD: standard-deviation; CI 95%: credible interval of 95%. 
 770 

  771 
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Figures: 772 

 773 

Figure 1. Proportion of A. paranae females by standard length (left) and total weight (right). The 774 

black dots represent the observed proportions, while the dashed areas and lines represent the 95% 775 

credible interval and the prediction median, respectively, with the quadratic (blue) and simple 776 

(red) effect models. 777 

 778 

Figure 2. Prior distributions (dashed lines) and posteriors distributions (solid lines) for the first 779 

sexual maturation size L50 of A. paranae females for the non-informative (grey), slightly 780 

informative (red) and informative (blue) prior distributions (left). Proportions of females observed 781 

as a function of the standard length and the respective 95% credible band (blue) of the predictions 782 

of the model with informative prior distribution (right). 783 
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 784 

Figure 3. Posteriors distributions of allometric coefficient (upper), body shape (intermediate) and 785 

standard length at which the stanza change (lower) occurs for the F1M1A2 (left) and F2M2 (right) 786 

models. 787 
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  788 

Figure 4. Scatter plot for total weight as a function of the standard lengths observed for A. 789 

paranae and estimates of the predictions of each model (lines). 790 

  791 
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Supplementary material 
 

Sensitivity analyzes of somatic growth models 

Initially, in a superficial analysis, without considering the convergences of the chains, the three 

most parsimonious models were FM2v, FM1i and Agg2v, in this order (Table A1). However, 

the convergence and sensitivity analyzes show that within each model, the proportion of chains 

that converged was variable, as well as indicating convergences at different stationary regions, 

observed by the high variation in DIC values calculated between the parallel chains (Figure A1). 

Table A1. Results of the models selection, using the deviance information criterion (DIC), fitted 

in order to estimate the somatic growth and age compostion of A. paranae. The models are 

distinct as to the prior distributions used for growth parameters (vague or informative), 

parameterization of von Bertalanffy, and parameterization of the model related to sexual 

structures in growth parameters (1: sexes clustered, 2: structured by sex) and (1: age 

composition, 2: Different age compositions between the sexes). 

Priori Parameterization 
Structures 

Model DIC ΔDIC 
Sexual Age 

Vague Francis (1988) 1 1 Agg1v 262.48 56.35 

 Original VBGF  1 1 Agg2v 209.41 3.27* 

 Francis (1988) 2 1 FM1v 223.28 17.14 

 Original VBGF  2 1 FM2v 206.14 0.00* 

 Francis (1988) 2 2 FMA1v 213.80 7.66 

 Original VBGF  2 2 FMA2v 211.32 5.19 

Informative Francis (1988) 1 1 Agg1i 252.19 46.06 

 Original VBGF  1 1 Agg2i 221.86 15.72 

 Francis (1988) 2 1 FM1i 208.11 1.97* 

 Original VBGF  2 1 FM2i 238.32 32.18 

 Francis (1988) 2 2 FMA1i 212.39 6.25 

  Original VBGF  2 2 FMA2i 229.57 23.43 

 

 
Figure A1. Deviance information criterion (DIC) estimated for each fitted chain of each model. 

The numbers plotted represent the number of parameters whose chains did not converge. 
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More detailed analyzes were performed for the Agg2v, FM2v, Agg2i and FM1i models, which 

had parallel chains that converged and with ΔDIC ≲ 5 among all the parallel chains of all models. 

Among the four models, only the FM1i model presented the convergence of all the parallel 

chains at the same points (Figures A2 and A3). The other three models presented parallel chains 

that stagnated at two or three distinct regions for the parameters of asymptotic length (L∞), 

growth coefficient (K) and lengths at ages 0.5 (L2) and 1.0 years (L3) (Figures A2 and A3). 

In general, among these four models, it was possible to observe three different stationarity 

regions. The first region was present only in Agg2v and FM2v models, both estimated based on 

vague prior distributions. This region presented high values and dispersion for L∞, with median 

values of 137 mm for the clustered sexes of the posteriors distributions of Agg2v model and 140 

mm and 120 mm for females and males, respectively, of the posteriors distributions obtained by 

FM2v model (Figure A2). This region also presented low values for both the growth coefficient 

(K), with medians of 0.19. 0.18 and 0.23 year-1 for clustered sexes, females and males, 

respectively, as for the standard length predicted for one year old (L3), with medians of 26mm, 

26mm and 27mm for clustered sexes, females and males, respectively (Figures A2 and A3). 

The second "stationary region" was present in the four models mentioned above. In an opposite 

way, this region presented low values of L∞, with medians of 48mm, 47mm and 49mm clustered 

sexes, females and males, respectively, associated with high values of K, with respective 

medians of 2.9. 3.0 and 2.8 year-1 (Figure A2). For the parameter L3 the medians were estimated 

in 45 mm for clustered sexes and also for males and 46 mm for females (Figure A3). The DIC 

values for the parallel chains that stagnated in these two regions were equivalent, all smaller 

than 210. Unlike the third "stationary region", which presented DIC values around 230 (Figure 

A1). The third region only occurred in the models that considered the clustered sexes (Agg2v 

and Agg2i) and presented intermediate values for the growth parameters analyzed (Figures A2 

and A3). 
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Figure A2. Estimates of von Bertalanffy growth parameters in the original parameterization, 

growth coefficient (K) and asymptotic length (L∞) by parallel chain and model. Each parallel 

chain within a same model was colored differently according to the DIC value of the chain. The 

lower the DIC value of the parallel chain lighter is the color tone of the chain, where green 

represent the lower DIC models for clustered sexes and blue and red for males and females, 

respectively. The color gradient is comparable only within each model, from the lower (tends to 

green, blue or red) to the larger (tends to black) DIC value. 

Agg2v FM2v 

Agg2i FM1i 
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Figure A3. Estimates of von Bertalanffy growth parameters in the parameterization proposed 

by Francis (1988), mean standard lengths predicted for the ages 0.5 (L2) and 1.0 years old (L3) 

by parallel chain and model. Each parallel chain within a same model was colored differently 

according to the DIC value of the chain. The lower the DIC value of the parallel chain lighter is 

the color tone of the chain, where green represent the lower DIC models for clustered sexes and 

blue and red for males and females, respectively. The color gradient is comparable only within 

each model, from the lower (tends to green, blue or red) to the larger (tends to black) DIC value. 

 

Agg2v FM2v 

Agg2i FM1i 


